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Abstract
In this paper, by the classical umbral calculus method, we establish identi-
ties involving the Appell polynomials and extend some existing identities.
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1 Introduction
Let (an)n≥0 be a sequence of real numbers such that a0 = 1, let A
n be the umbra
defined by An := an and let (fn (x))n≥0 be a sequence of Appell polynomials defined
by [1]: ∑
n≥0
fn (x)
tn
n!
= F (t) exp (xt) = exp ((A+ x) t) ,
where F (t) = 1+
∑
n≥1 an
tn
n!
= exp (At) . So, fn (x) admits the umbral representation
fn (x) = (A+ x)
n
.
The Appell polynomials appear in many areas of mathematics including special func-
tions, analysis, combinatorics and number theory. Numerous interesting properties for
these polynomials can be found in the literature, see for example [1, 3, 11, 16, 20, 21].
Recently, many authors took interest on symmetric identities involving Bernoulli poly-
nomials such as the works of Kaneto [9], Gessel [6] and He et al. [8]. The present
work is motivated by the work of Di Crescenzo et al. [4] on umbral calculus, the
work of Gessel [6] on some applications of the classical umbral calculus, the work of
He et al. [8] on some symmetric identities and the work of Pita et al. [17] on some
identities for Bernoulli polynomials and Benyattou et al. [2] on some applications
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of Bell umbra. We use the umbral calculus method to deduce symmetric identities
involving Appell polynomials and generalize some existing identities on Bernoulli and
Euler polynomials.
2 Appell polynomials via classical umbral calculus
The following proposition gives a general symmetric identity for Appell polynomials
and generalizes Theorem 1.1 of He et al. [8].
Proposition 1. Let n,m be non-negative integers. There holds
n∑
k=0
(
n
k
)
yn−kfm+k (x) =
m∑
k=0
(
m
k
)
(−y)m−k fn+k (x+ y) .
Proof. By the umbral representation fn (x) = (A+ x)
n we get on the one hand
(A+ x+ y)n (A+ x)m = (A+ x+ y)n (A+ x+ y − y)m
=
m∑
k=0
(
m
k
)
(−y)m−k (A+ x+ y)n+k
=
m∑
k=0
(
m
k
)
(−y)m−k fn+k (x+ y)
and on the other hand, we have
(A+ x+ y)n (A+ x)m =
n∑
k=0
(
n
k
)
yn−k (A+ x)m+k =
n∑
k=0
(
n
k
)
yn−kfm+k (x) .
Hence, the two expressions of (A+ x+ y)n (A+ x)m give the desired identity.
By definition of the sequence (fn (x))n≥0 we get D
p
xfn (x) = (n)p fn−p (x) , where
Dpx =
dp
dxp
, (x)p := x(x − 1) · · · (x− p + 1) if p ≥ 1 and (x)0 := 1. So, by derivation p
times the two sides of the identity of Proposition 1 to respect to x we obtain
Corollary 2. Let n,m, p be non-negative integers such that p ≤ min(n,m). There
holds
n∑
k=0
(
n
k
)(
m+ k
p
)
yn−kfm−p+k (x) =
m∑
k=0
(
m
k
)(
n + k
p
)
(−y)m−k fn−p+k (x+ y) .
Let now
(
f
(α)
n (x)
)
n≥0
be the sequence of Appell polynomials defined, for any real
number α, by [1]:
∑
n≥0
f (α)n (x)
tn
n!
= (F (t))α exp (xt) with f (1)n (x) := fn (x) .
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The following lemma gives some properties of the sequence (f
(α)
n (x)) and has inter-
esting generalizations on existing identities.
Lemma 3. For any real number α there hold
f (α)n (A + x) = f
(α+1)
n (x) ,
(α + 1) (A + x) f (α)n (A + x) = f
(α+1)
n+1 (x) + αxf
(α+1)
n (x) .
Proof. Replace x by A+ x in the above generating function to obtain
∑
n≥0
f (α)n (A+ x)
tn
n!
= (F (t))α e(A+x)t
= (F (t))α
∑
n≥0
(A+ x)n
tn
n!
= (F (t))α
∑
n≥0
fn (x)
tn
n!
= (F (t))α+1 ext
=
∑
n≥0
f (α+1)n (x)
tn
n!
,
from which the first identity follows.
For α = −1 the second identity is obvious and for α 6= −1 we have
∑
n≥0
(A+ x) f (α)n (A+ x)
tn
n!
= (F (t))α (A+ x) exp ((A+ x) t)
= (F (t))α
∑
n≥0
(A+ x)n+1
tn
n!
= (F (t))α
∑
n≥0
fn+1 (x)
tn
n!
= (F (t))αDt (F (t) exp (xt))
=
1
α + 1
Dt
(
(F (t))α+1 exp (xt)
)
+
αx
α + 1
(F (t))α+1 exp (xt)
=
∑
n≥0
(
1
α + 1
f
(α+1)
n+1 (x) +
αx
α + 1
f (α+1)n (x)
)
tn
n!
which implies the second identity.
Remark 4. The second identity of Lemma 3 can be extended as:
(α + 2) (α + 1) (A+ x)2f (α)n (A+ x) = f
(α+2)
n+2 (x)− 2xf
(α+2)
n+1 (x) + x
2f (α+2)n (x)
+ 2 (α + 2)xf
(α+1)
n+1 (x) + (α + 2) (α− 1)x
2f (α+1)n (x) .
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However, Corollary 2 can be generalized via Lemma 3, as follows.
Corollary 5. Let α be a real number and let n,m, p be non-negative integers such
that p ≤ min(n,m). There holds
n∑
k=0
(
n
k
)(
m+ k
p
)
yn−kf
(α)
m−p+1+k (x)
=
m∑
k=0
(
m
k
)(
n + k
p
)
(−y)m−k
(
f
(α)
n−p+1+k (x+ y)− yf
(α)
n−p+k (x+ y)
)
.
Proof. From Corollary 2 we have
n∑
k=0
(
n
k
)(
m+ k
p
)
yn−kxf
(α−1)
m−p+k (x) =
m∑
k=0
(
m
k
)(
n + k
p
)
(−y)m−k xf
(α−1)
n−p+k (x+ y) .
To obtain the desired identity, replace x by A + x and apply Lemma 3, after that
simplify the obtained identity by Corollary 2.
Other results are given by the following propositions.
Proposition 6. Let n be a non-negative integer, let α be a real number and let
(uk), (vk) be two sequences of real numbers. If
n∑
k=0
U (n, k) fk (x+ uk) =
n∑
k=0
V (n, k) (x+ vk)
k
for some real sequences (U (n, k) ; 0 ≤ k ≤ n) and (V (n, k) ; 0 ≤ k ≤ n) , then
n∑
k=0
U (n, k)f
(α)
k (x+ uk) =
n∑
k=0
V (n, k) f
(α−1)
k (x+ vk) ,
α
n∑
k=0
U (n, k)
(
f
(α+1)
k+1 (x+ uk)− ukf
(α+1)
k (x+ uk)
)
=
n∑
k=0
V (n, k)
(
(α + 1) f
(α)
k+1 (x+ vk)− (x+ (α + 1) vk) f
(α)
k (x+ vk)
)
.
Proof. On the one hand, we prove that f
(α)
n (x) is a polynomial in α of degree at most
n. Indeed, by definition, f
(α)
n (x) can be written as f
(α)
n (x) =
∑n
k=0
(
n
k
)
gk (α)x
n−k,
where (gn (α))n≥0 is a sequence of binomial type with exponential generating function
(F (t))α. The known relation gn (α) =
∑n
k=0 Bn,k (gj(1)) (α)k [5, 18] proves the first
part of this proof, where Bn,k (xj) := Bn,k (x1, x2, . . .) are the partial Bell polynomials
[5, 13, 14]. On the other hand, let Q be the polynomial:
Q (α) =
n∑
k=0
U(n, k)f
(α)
k (x+ uk)−
n∑
k=0
V (n, k)f
(α−1)
k (x+ vk) .
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Since f
(0)
n (x) = xn, the hypothesis shows that Q (1) = 0. By replacing x by A + x
in Q (1) we obtain, in virtu of Lemma 3, Q (2) = 0. So, by the same process we can
state that Q (s) = 0 for all non-negative integer s. So, the polynomial Q has infinity
roots which state that necessarily Q (α) = 0 for all real number α. Hence, the first
identity of the proposition follows. Multiply the obtained identity by x and change x
by A+ x to obtain via Lemma 3:
α
n∑
k=0
U (n, k)
(
f
(α+1)
k+1 (x+ uk) + α (x+ uk) f
(α+1)
k (x+ uk)− (α + 1)ukf
(α)
k (x+ uk)
)
= (α+ 1)×
n∑
k=0
V (n, k)
(
f
(α)
k+1 (x+ vk) + (α− 1) (x+ vk) f
(α)
k (x+ vk)− αvkf
(α)
k (x+ vk)
)
.
So, use the first identity of this proposition to simplify this last one.
An application of proposition 6 on Abel’s identity is given by the following corollary.
Corollary 7. Let α, β, q be real numbers. Then, there holds
f (α+β)n (x+ y) =
n∑
k=0
(
n
k
)(
f
(α)
k (x− qk) + qkf
(α)
k−1 (x− qk)
)
f
(β)
n−k (y + qk) .
Proof. The Abel’s identity
(x+ y)n =
n∑
k=0
(
n
k
)(
(x− qk)k + qk (x− qk)k−1
)
(y + qk)n−k
can be written as
f (0)n (x+ y) =
n∑
k=0
(
n
k
)(
f
(0)
k (x− qk) + qkf
(0)
k−1 (x− qk)
)
f
(0)
n−k (y + qk)
which implies for fixed x, via Proposition 6, the identity
f (β)n (x+ y) =
n∑
k=0
(
n
k
)(
f
(0)
k (x− qk) + qkf
(0)
k−1 (x− qk)
)
f
(β)
n−k (y + qk) ,
and this implies, for fixed y, the desired identity.
Example 8. Let B
(α)
n (x) be the Bernoulli polynomials of order α and E
(α)
n (x) be the
Euler polynomials of order α defined by [12]: B
(1)
n (x) = Bn (x), E
(1)
n (x) = En (x) and
∑
n≥0
B
(α)
n (x)
tn
n!
=
(
t
et − 1
)α
ext,
∑
n≥0
E
(α)
n (x)
tn
n!
=
(
2
et + 1
)α
ext.
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Then, for any real number α, the identities given in [22, Thms. 1,2] by
n∑
k=0
(
2n + 1
2k
)
E2k (x) = x
2n+1 − (x− 1)2n+1 ,
n∑
k=1
(
2n
2k − 1
)
E2k−1 (x) = x
2n − (x− 1)2n ,
n∑
k=0
(
2n + 1
2k
)
B2k (x) =
(
n+
1
2
)(
x2n + (x− 1)2n
)
,
n∑
k=1
(
2n
2k − 1
)
B2k−1 (x) = n
(
x2n−1 + (x− 1)2n−1
)
imply, via Proposition 6, the following identities
n∑
k=0
(
2n+ 1
2k
)
E
(α)
2k (x) = E
(α−1)
2n+1 (x)− E
(α−1)
2n+1 (x− 1) ,
n∑
k=1
(
2n
2k − 1
)
E
(α)
2k−1 (x) = E
(α−1)
2n (x)− E
(α−1)
2n (x− 1) ,
n∑
k=0
(
2n+ 1
2k
)
B
(α)
2k (x) =
(
n+
1
2
)(
B
(α−1)
2n (x) + B
(α−1)
2n (x− 1)
)
,
n∑
k=1
(
2n
2k − 1
)
B
(α)
2k−1 (x) = n
(
B
(α−1)
2n−1 (x) + B
(α−1)
2n−1 (x− 1)
)
.
Also, by multiplying each identity of the last identities by x, after that, replacing x
by A+ x and applying Lemma 3, we deduce, after simplification:
α
n∑
k=0
(
2n+ 1
2k
)
E
(α+1)
2k+1 (x) = (α + 1)E
(α)
2n+2 (x)− xE
(α)
2n+1 (x)− (α + 1)E
(α)
2n+2 (x− 1)
+ (x− α− 1)E
(α)
2n+1 (x− 1) ,
α
n∑
k=0
(
2n
2k − 1
)
E
(α+1)
2k (x) = (α + 1)E
(α)
2n+1 (x)− xE
(α)
2n (x)− (α + 1)E
(α)
2n+1 (x− 1)
+ (x− α− 1)E
(α)
2n (x− 1) ,
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αn+ 1
2
n∑
k=0
(
2n+ 1
2k
)
B
(α+1)
2k+1 (x) = (α + 1)B
(α)
2n+1 (x)− xB
(α)
2n (x) + (α + 1)B
(α)
2n+1 (x− 1)
− (x+ α− 1)B
(α)
2n (x− 1) ,
α
n
n∑
k=1
(
2n
2k − 1
)
B
(α+1)
2k (x) = (α + 1)B
(α)
2n (x)− xB
(α)
2n−1 (x) + (α + 1)B
(α)
2n (x− 1)
− (x+ α− 1)B
(α)
2n−1 (x− 1) .
Remark 9. Similarly, the most of the identities on Bernoulli polynomials given in [17]
can be generalized by Proposition 6.
Proposition 10. Let m,n be non-negative integers, let α be a real number and let
(uk), (vk) be two sequences of real numbers. If
n∑
k=0
U (n, k) (x+ uk)
k =
n∑
k=0
V (n, k) (x+ vk)
k
for some real sequences (U(n, k); 0 ≤ k ≤ n) and (V (m, k); 0 ≤ k ≤ m) , then
n∑
k=0
U (n, k)f
(α)
k (x+ uk) =
n∑
k=0
V (n, k) f
(α)
k (x+ vk) ,
n∑
k=0
U (n, k)
(
f
(α)
k+1 (x+ uk)− ukf
(α)
k (x+ uk)
)
=
n∑
k=0
V (n, k)
(
f
(α)
k+1 (x+ vk)− vkf
(α)
k (x+ vk)
)
.
Proof. The first identity can be proved similarly as the first one of Proposition 6. So,
by multiplying their two sides by x, after that replacing x by A+ x we obtain
n∑
k=0
U (n, k) (A+ x) f
(α−1)
k (A+ x+ uk) =
n∑
k=0
V (n, k) (A+ x) f
(α−1)
k (A+ x+ vk)
which can written via Lemma 3
n∑
k=0
U (n, k)
(
f
(α)
k+1 (x+ uk) + ((α− 1) x− uk) f
(α)
k (x+ uk)
)
=
n∑
k=0
V (n, k)
(
f
(α)
k+1 (x+ vk) + ((α− 1) x− vk) f
(α)
k (x+ vk)
)
,
hence, use first the identity of this Proposition to simply this last one.
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Example 11. For any real numbers λ, α, the Ljunggren’s identity [10]
n∑
k=0
(
n
k
)(
λ
k
)
yk (x+ y)n−k =
n∑
k=0
(
n
k
)(
λ+ k
k
)
ykxn−k
implies, via Proposition 10, the following identities
n∑
k=0
(
n
k
)(
λ
k
)
ykf
(α)
n−k (x+ y) =
n∑
k=0
(
n
k
)(
λ+ k
k
)
ykf
(α)
n−k (x) ,
n∑
k=0
(
n
k
)(
λ
k
)
yk
(
f
(α)
n+1−k (x+ y)− yf
(α)
n−k (x+ y)
)
=
n∑
k=0
(
n
k
)(
λ+ k
k
)
ykf
(α)
n+1−k (x) .
Example 12. For any real numbers α, β, γ, the Munarini’s identity [15]
n∑
k=0
(
γ
k
)(
β − γ + n
n− k
)
yk (x+ y)n−k =
n∑
k=0
(
γ
n− k
)(
β + k
k
)
ykxn−k
implies, via Proposition 10, the following identities
n∑
k=0
(
γ
k
)(
β − γ + n
n− k
)
ykf
(α)
n−k (x+ y) =
n∑
k=0
(
γ
n− k
)(
β + k
k
)
ykf
(α)
n−k (x) ,
n∑
k=0
(
γ
k
)(
β − γ + n
n− k
)
yk
(
f
(α)
n+1−k (x+ y)− yf
(α)
n−k (x+ y)
)
=
n∑
k=0
(
γ
n− k
)(
β + k
k
)
ykf
(α)
n+1−k (x) .
Example 13. The Simons’s identity [19]
n∑
k=0
(−1)n+k
(n+ k)!
(n− k)! (k!)2
(x+ 1)k =
n∑
k=0
(n + k)!
(n− k)! (k!)2
xk
implies, via Proposition 10, the following identities
n∑
k=0
(−1)n+k
(n + k)!
(n− k)! (k!)2
f
(α)
k (x+ 1) =
n∑
k=0
(n+ k)!
(n− k)! (k!)2
f
(α)
k (x) ,
n∑
k=0
(−1)n+k
(n + k)!
(n− k)! (k!)2
(
f
(α)
k+1 (x+ 1)− f
(α)
k (x+ 1)
)
=
n∑
k=0
(n+ k)!
(n− k)! (k!)2
f
(α)
k+1 (x) .
Example 14. The known identity [7, Id. 3.17]
n∑
k=0
(
n
k
)(
m
k
)
(−1)k Bk (x) =
n∑
k=0
(
n
k
)(
m+ k
k
)
Bn−k (−x)
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can be written, on using the known identity Bn(−x) = (−1)
nBn(x+ 1), as
n∑
k=0
(
n
k
)(
m
k
)
(−1)k Bk (x) =
n∑
k=0
(
n
k
)(
m+ k
k
)
(−1)n−kBn−k (x+ 1)
which now can be generalized, similarly to the proof of Proposition 6, as
n∑
k=0
(
n
k
)(
m
k
)
(−1)k B
(α)
k (x) =
n∑
k=0
(
n
k
)(
m+ k
k
)
(−1)n−k B
(α)
n−k (x+ 1) ,
n∑
k=0
(
n
k
)(
m
k
)
(−1)k B
(α+1)
k+1 (x)
=
n∑
k=0
(
n
k
)(
m+ k
k
)
(−1)n−k
(
B
(α+1)
n+1−k (x+ 1)−B
(α+1)
n−k (x+ 1)
)
.
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